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(1) (a) Discuss the existence and uniqueness of the solution of the following initial

value problem

y′ = y
1
3 + x, y(0) = y0

whenever y0 = 0 and y0 = 1. What can you conclude about the existence

and uniqueness theorem? [4]

(b) Let x(t) be a continuous nonnegative function such that

x(t) ≤ a+

∫ t

t0

[b+ cx(s)]ds, for t ≥ t0,

where a, b ≥ 0 and c > 0 (a, b, c are constants). Then show that for t ≥ t0,

x(t) satisfies

x(t) ≤
(
b

c

)
(exp(c(t− t0))− 1) + a exp c(t− t0).

[6]

(2) (a) Let y1 and y2 be two linearly independent solutions of

(0.1) y′′ + p(x)y′ + q(x)y = 0, x ∈ I,

where I ⊂ R is an interval and p(x), q(x) are continuous functions on I.

Show that φ(x) = αy1(x) + βy2(x) and ψ(x) = γy1(x) + δy2(x) are two

linearly independent solutions if and only if αδ ̸= βγ. [2]

(b) Let y1, y2 ∈ C2(I). Show that the Wronskian W (y1, y2) does not vanish

anywhere in I if and only if there exists continuous functions p(x), q(x) on

I such that (0.1) has y1, y2 as independent solution. [4]

(c) By using the method of variation of parameters find the general solution

of

x2y′′ − x(x+ 2)y′ + (x+ 2)y = x3, x > 0.

[Hint: y = x is a solution of the homogeneous part] [4]

(3) (a) Consider u′′+q(x)u = 0 on the interval I := (0,∞). Show that if q(x) ≥ m2

for all x ∈ I, any non-trivial solution u(x) has infinitely many zeros, and

distance between two consecutive zeros is at most π/m and if q(x) ≤ m2

for all x ∈ I, then u(x) has infinitely many zeros and distance between two

consecutive zeros is at least π/m. [5]
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(b) Verify that the origin is a regular singular point and find two linearly

independent solutions of 9x2y′′ + (9x2 + 2)y = 0 by using the Frobenius

method. [5]

(4) (a) Define a stable, asymptotically stable critical point, and Liapunov function

of an autonomous system. What are the possible behaviors, depending on

γ, of the solutions to the linear system{
dx
dt

= −γx− y
dy
dt

= x− γy.

Also, find the critical point and discuss the stability of the critical point

along with the nature of the point. [3+2]

(b) Define the simple critical point of nonlinear system. Consider the nonlinear

system {
dx
dt

= 1
2
x− y − 1

2
(x3 + xy2)

dy
dt

= x+ 1
2
y − 1

2
(y2 + yx2).

Show that the origin is the simple critical point, and then discuss the type

and stability of the critical point. [1+4]

(5) (a) Find the value of ζ for which the equation

(xy2 + ζx2y)dx+ (x+ y)x2dy = 0

is exact and then solve it using that value of ζ.

Or, Consider the equation y′ + ay = b(x), where a is a constant such that real

part of a is strictly positive, and b(x) is a continuous function on 0 ≤ x <∞
such that b(x) → β as x → ∞. Prove that every solution of this equation

tends to β
a
as x→ ∞. [5]

(b) Using the Improved Euler method to compute the approximate value y(0.2)

of the solution of the initial value problem

y′ = 1− x+ 4y y(0) = 1

on the interval [0, 1] with step size h = 0.1. [5]

Good luck!!
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